On the existence of Weierstrass gap sequences on curves of genus ≤8  by Komeda, Jiryo
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
ELSEVIER Journal of Pure and Applied Algebra 97 (1994) 51-71 
On the existence of Weierstrass gap sequences 
on curves of genus 58 
Jiryo Komeda 
Kanagawa Institute of Technology, 1030 Shimo-Ogino Atugi-shi, Kanagawa, 243-02, Japan 
Communicated by CA. Weibel; received 11 March 1993; revised 5 October 1993 
Abstract 
We show that for any possible Weierstrass non-gap sequence H on a curve of genus I 7 (resp. 
genus 8 with twice the smallest positive non-gap > the largest gap) there exists a pointed curve 
(C,P) such that the non-gap sequence at P is H. 
1. Introduction 
Let C be a complete non-singular irreducible l-dimensional algebraic variety of 
genus g over the field C of complex numbers, which is called a curve in this paper. Let 
K(C) denote the field of rational functions on C. For any point P of C, we define the 
Weierstrass non-gap sequence H(P) at P by 
H(P) = {h E N 1 there existsfE K(C) with om = hP}, 
where N denotes the additive semigroup of non-negative integers. Hence the com- 
plement N\H(P) of H(P) in N is the Weierstrass gap sequence at P. Then H(P) is 
a subsemigroup of N with #N\H(P) = g. 
Conversely, let H be a subsemigroup of N whose complement N\H in N 
is finite, which is called a numerical semigroup. The number of the set N\ H 
is said to be the genus of H. We say that H is Weierstrass if there exists a 
pointed curve (C, P) such that H(P) = H. Buchwietz [l] showed that there is 
a non-Weierstrass numerical semigroup of genus 16. We are interested in the 
maximal genus g such that all numerical semigroups of genus g are Weierstrass. In this 
paper we will show that any numerical semigroup of genus g I 7 is Weierstrass. 
Moreover, in the case g = 8 we will show that all primitive numerical semigroups H, 
i.e., twice the smallest positive integer in H > the largest integer in N\ H, are Weier- 
strass. 
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2. Notation and terminology 
Let ao,ul, . . . , a,- 1 be positive integers. Then (ao, al, . . . , a,_ I ) denotes the sub- 
semigroup of N generated by uO, al, . . , a,_ 1. Let H be a numerical semigroup of 
genus g. Then an element of H (resp. N\ H) is called a non-gap (resp. a gap) of H. The 
smallest positive non-gap is said to be the Jivst non-gap of H. Let 
N\H = (ml < m, < ... < m,}. For any 0 5 i < 9 - 1, we set pi = mi+l - i - 1. 
Then 
g-1 
W(H) = C Cli (rev. a(H) = (ao,al, . . ,M~-~)) 
i=O 
is called the weight (resp. the Schubert index) of H. M(H) denotes the minimal set of 
generators for H. Let M(H) = {ao, a,, . . . ,a,_ 1}. Then we set 
ci=Min{cEN>OIcUiE(~o, . . ..ai-i.Ui+i, . . ..a..-,)} 
for all i = 0 1 3 ,...> n - 1. Now (Pi denotes the C-algebra homomorphism from 
C[X] = C[X,,X,, . . ,XnPl] to C[H] = C[th]hEH defined by sending Xi to Pfor 
each i. Moreover, IH denotes the ideal Ker qH. In this case, we define a weight on 
C[X] through (Pi as follows: For any i, the weighted degree of Xi is ai and for any 
non-zero element c of C, the weighted degree of c is zero. For any monomial fin 
C[X], w(f) denotes the weighted degree off: 
Let Z be the additive group of integers. For any i = 1, ,m we denote by ei the 
vector in Z” whose ith component is equal to 1 and whosejth component is equal to 
0 if j # i. A subsemigroup S of Z” is said to be saturated if the condition nr E S, where 
n is a positive integer and r is an element of Z”, implies r E S. Assume that the 
semigroup S is generated by hi, b,, . . . ,b,. Then S is saturated if and only if 
i R+binZ” = i Nbi = S, 
i=l i=l 
where R+ denotes the set of non-negative real numbers. 
3. On numerical semigroups of genus ~6 
In this section we give two known sufficient conditions that a numerical semigroup 
is Weierstrass and show that any numerical semigroup of genus <6 is Weierstrass. 
Remark 3.1. Any numerical semigroup H whose first non-gap is a 2 5 is Weierstrass. 
If a = 2, then H is the set of non-gaps at a Weierstrass point of a hyperelliptic curve. 
For u = 3, 4 and 5, see [S, 5,7] respectively. 
Proposition 3.2. Any numerical semigroup qfgenus g I 5 is Weierstruss. 
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Proof. H = (6,7,8,9,10,11) is only one numerical semigroup of genus g I 5 whose 
first non-gap is larger than 5. H is equal to H(P) where P is an ordinary point on 
a curve of genus 5. IJ 
Remark 3.3. Any primitive numerical semigroup of genus g and weight w I g - 1 is 
Weierstrass. 
For w I g - 2 (resp. w = g - l), see [2] (resp. [6]). 
Proposition 3.4. Any numerical semigroup of genus g = 6 is Weierstrass. 
Proof. If H is a numerical semigroup whose first non-gap is larger than 5, then N\ H 
is one of the following: 
(1) {1,2,3,4,5,6}, (2) {1,2,3,4,5,7}, (3) {1,2,3,4,5,g}, 
(4) (1,2,3,4,5,9}, (5) {1,2,3,4,5,10}, (6) {L2,3,4,5,11}. 
Hence the above numerical semigroups H are primitive and weight 55, which implies 
that H is Weierstrass by Remark 3.3. 0 
4. On numerical semigroups of genus 7 
In this section we shall show that all numerical semigroups of genus 7 are 
Weierstrass. To prove this we prepare some notations. Let M,, 1 be the moduli space 
of pointed curves of genus g. For any numerical semigroup H of genus g we set 
CH={(C,P)~MJH(P)=H}. H’ IS said to be dimensionally proper if CH has an 
irreducible component of dimension 3g - 2 - w(H). To prove that the numerical 
semigroup H = (5,6,7) is dimensionally proper we note the two known results. 
Remark 4.1. Let H be a numerical semigroup with M(H) = (ao,ul, . . . ,a,_,}. We 
set I = IH, B = P/I and X = SpecB, where P = C[X] = C[X,,X,, . . . ,Xn_,]. Let 
{fiJi> ... ,fN} be a set of generators for the ideal I. Let T,,! be the C-vector space of 
first-order deformations of X and D the B-submodule of Homg_mod. (l/l’, B) gener- 
ated by the homomorphisms do,dl, . . . ,d,_ ,, where for any 1 E {0, 1, . . . ,n - l}, 
dl sendsfi + I 2 to (dfi/dX[) + I, all i = 1,2, . , IV. Then we have the exact sequence of 
C-vector spaces 
0 + D of HomB_mod,(l/Z2,B) + T: + 0, 
where the above morphism Homs_,,,.(Z/Z2,B) + T:, which is denoted by @, is 
defined by sending 0 with e(fi + 12) = gi + I to the isomorphism class of the first 
order deformation 
Spec C [E] [X,, . . . ,X,-~ll(h + wl, . . ,h + EgN)+SpecCIEI, 
54 J. KomedalJournal of Pure and Applied Algebra 97 (I 994) 51~ 71 
where C [E] denotes the ring of dual numbers over C. Now D and Horn, _ mod, (I/I ‘, B) 
have natural gradings through cp H. Namely, an element (3 of HornBe mod.(Z/12, B) is 
a homogeneous element of weighted degree v if for all i = 1,2, . . . , N we have 
0(f, + Z2) = gi + I2 where gi is a homogeneous element of weighted degree w(h) + v. 
Hence the above exact sequence defines a natural grading on T$ as follows: For any 
v E Z, we denote by T,‘(v) the image of the vth graded piece of Homg_,,,.(1/12, B) by 
the homomorphism @. Then Pinkham [9] showed that 
dim CH I dime 1 T,‘(v) - 1. 
VCO 
Remark 4.2. Let k be a field and set P = k[X,, X1, . . . ,X,_ r]. Let I be an ideal in P, 
which is generated byfr , . . . , fN, and set B = P/I. Let PN- ’ (resp. P”) be the P-module 
of columns of degree N - 1 (resp. N) whose elements belong to P, and for each i, let ui 
(resp. ei) be the column in PNm ’ (resp. PN) whose ith component is equal to 1 and 
whose jth component is equal to 0 ifj # i. Suppose that the following holds: 
(1) B is of dimension n - 2. 
(2) There exist independent columns Yj E PN (1 I j < N - 1) so that we have an 
exact sequence of P-modules 
pN-'+pN +P+B-+O, 
where the first morphism PN”-l + PN sends Uj to rj, all j = 1, . . . , N - 1, the second 
morphism PN + P sends ei tOfi, all i = 1, . . . , N and the third morphism P + B is the 
canonical surjective morphism. 
(3) We havef; = det(ei, rl, . ,rN_ l), all i = 1, . . . , N. 
Then Schaps [lo] showed that Homg_,,,. (1/12, B) is generated as a B-module by 
the homomorphisms Oij (1 I i I N, 1 I j I N - 1) where 
eij(f, + 1’) =det(ei,rr, . . . ,J”-l,el,Yj+l, . . ,rN_l) + 1 
for all 1 = 1, . . . ,N. 
Lemma 4.3. The numerical semigroup H = (5,6,7) is dimensionally proper. 
Proof. We set a0 = 5, al = 6, a2 = 7. Then we have M(H) = {a0,al,a2} and c0 = 4, 
c~=2,~~=3,i.e.,4a,=a,+2a,,2a,=a,+a,,3a,=3a,+a,.ByHerzog[3]the 
ideal I = ZH is generated by 
jr = x,” - x1x;, f2 = x: -x0x2, f3=x;-x;x1. 
Let P = C[X0,Xl,X2] and B = P/I. We will show that P and I satisfy the 
assumptions in Remark 4.2. Let 
r1 =(:!I and r2=[“!!. 
J. Komeda/Journal of Pure and Applied Algebra 97 (1994) 51-71 55 
We show that the sequence of P-modules 
P2+P3+P+B+0, 
which is defined in Remark 4.2(2) is exact. It suffices to show that Im 4i = Ker 42, 
where 41 (resp. d2) is the first (resp. second) morphism in the above sequence. In fact, 
we have 
42041(4) = 42@1) = X2fl + Xo”f2 + X1f3 = 0 
and 
42041(~2) = 42@2) = x1.h + w2 + Xof3 = 0, 
which imply that Im 4i G Ker 42. Conversely, let 
hl 
h= h2 ~Ker4, c P3, 
0 h3 
i.e., 
0 =f,h, +f2h2 +f3h3 
= (X,” - X,X;)hl + (Xl - X,X2)h2 + (X; - X,3X,)h3. 
If we let X1 = X2 = 0, then 0 = Xzhl (X,, O,O), i.e., hl (X,, 0,O) = 0. Hence we have 
hl = hllXl + hlzXz with hll and h12 E P. 
We set 
0 
(‘1 
92 = h - h12rl - hllr2 E Ker #2. 
93 
Then we have (Xf - XoX2)q2 = - (X2 - XiX,)q,, which implies that 
92 = (X,” - xmd and q3 = (X: - X,X2)qj. 
Therefore q; = - q;, which is denoted by q,,. Then 
0 
-_q,X1r, + 40X2r2 = 92 
i‘i 
. 
93 
Hence we get 
h = hi2rr + hiir2 + = (hi2 - qoXl)rr + (hri + qoXz)rz e Im $1. 
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Moreover, we have 
det(ei,ri,r,) =fi, all i = 1,2,3. 
Hence by Remark 4.2 HomB-mod.(Z/Z2,B) is generated as a B-module by the 
homomorphisms 
011 =(0,X0, -Xf), 012 = (0, -x1,x3, 021 = (-X0,0,X,), 
822 =(X1,0, -X2), 031 = vf, -X1,0), Q32 = (-X&X2,0), 
where we denote by (hi, h2, h3) the B-module homomorphism 0 : Z/Z * --P B defined by 
o(A + I*) = hi + Z for all i = 1,2,3. Moreover, we have 
do=-f132-3X~021, d,=-H,,-tl,, and d2=-2X2822-d,,. 
NOW we shall give a C-basis for the C-vector space CV<0 T,‘(v). Since we have 
w(fi) = 20, w(f2) = 12 and w(,f3) = 21, we obtain T:(v) = (0) for all v 5 -22. Since 
we have 
ds2 = - do - 3Xz821, OS1 = -d, - O,, and O,, = - d, - 2X2H22, 
Table 1 of the weighted degree of (h + Z)@(0) is useful in describing a C-basis for 
c “<,, T:(v). 
We have 
(Xl + I)021 = - (X0 + zv22, (X2 + 11~21 = - (Xl + uo22, 
(X0X1 + m21 = - c&t + I)O22, wcJ2 + 11021 = - (X0X, + 1)Q22, 
(XIX2 + Z)Q21 = - (X,X, + Z)O22. 
Moreover, we obtain T,,f (- 1) = (0). In fact, we have 
(Xf + Z)Qzi =+(X, + Z)dl + 3(X, + Z)dz, 
(XIX2 + Z)d22 = - 3(X, + Z)di - 3(X, + Z)d,, 
(X, + Z)0,2 = - 4(X,, + Z)dl + 3(X, + Z)d2. 
Hence @(bl), We,,), @((X0 + ZW,,), @((Xl + Z)‘3,,), @((X2 + Z)0,,), 
@((X2 + Z)&), @(Q12), @((Xi + Z)G2,), @((X,X, + Z)Q,,), @((X0X2 + ZP,,) and 
@((X1X2 + Z)e,,) form a C-basis for C,,<0 T:(v), which implies that 
Table 1 
O\h 1 x0 XI X2 X02 x,x, x,x, x,x* x: 
0 21 - I5 -10 -9 -8 -5 -4 -3 -2 -1 
0 22 -14 -9 -8 -7 -4 -3 -2 -1 
~~1 2 -6 -1 
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diw Lo T:(v) = 11. Hence by Remark 4.1 we obtain 
dim CH I 10 = 3g(H) - 2 - w(H). 
Since we know that H = (5,6,7) is Weierstrass (For example, see [4, Section 2]), we have 
3g(H) - 2 - w(H) I dim CH. 
Hence we get 
dim CH = 3g(H) - 2 - w(H), 
which implies that H is dimensionally proper. 0 
Proposition 4.4. Let m and n be two positive integers with 3 I m 5 n and m + n = g. 
Then the numerical semigroup H with its Schubert index a(H) = (Ogm2, m, n) is dimen- 
sionally proper. 
Proof. We have the following sequence of Schubert indices 
y’o’=(O4,3,3)~y(l)=(O5,3,4)~ ... +y(n-3) 
=(On+1,3,n)+y(n-2) = (On+2,4,n)+ . . . -.+y(m+n-6) 
= (0 m+np2,m,n) = (Og-2,m,n) = cc(H), 
where the above indices are primitive. In fact, for each i the first non-gap of yci) is 5 + i. 
For each i I n - 3 (resp. i 2 n - 2) the last gap of y(‘) is 9 + 2i (resp. n + 6 + i). Hence 
twice the first non-gap of y * IS larger than its last gap, which implies that y”’ is 
prtmrtrve. Since by Lemma 4j3) i
. . . 
(‘) = a( (5,6,7)) is dimensionally proper, by [2] so is 
a(H). 0 
Table 2 shows all numerical semigroups H of genus 7 whose first non-gaps are 
larger than 5, where P (resp. N) means that H is primitive (resp. non-primitive). 
By Remarks 3.1 and 3.3 it suffices to show that three numerical semigroups 
(6,7,8,9), (6,7,8,10) and (6,8,9,10,11) are Weierstrass. Moreover, by Proposition 
4.4 (6,7,8,10) is Weierstrass. The following Lemma implies that (6,7,8,9) is Weier- 
strass. 
Lemma 4.5. (6,7,8,9) is the semigroup of non-gaps of a total ramijication point of 
a cyclic covering of P’ of degree 6. 
Proof. Let C be a curve defined by an equation of the form 
y6 = (x - al)(x - az)(x - a3)(x - b)4, 
where a,, a,, a3 and b are distinct elements of C. Let f: C -+ P’ be the surjective 
morphism defined by sending any point P of C to (1,x(P)). We set 
f-'(a 1)) = {Pm), f -‘((l,a,)) = (Pi} for i = 1,2,3 
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Table 2 
N\H M(H) a(H) w(H) 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
i 
1,2,3,4,5,10,11) 
1,2,3,4,5,9,11) 
1,2,3,4,5,9,10) 
1,2,3,4,5,8, 11) 
1,2,3,4,5,8, 10) 
1,2,3,4,5,8,9) 
1,2,3.4,5,7,13) 
1,2,3,4,5,7,11) 
1,2,3,4,5,7,10) 
1,2,3,4,5,7,9) 
1,2,3,4,5,7.8) 
1,2,3,4,5,6,13} 
1,2,3,4,5,6,12} 
1,2,3,4,5,6,11) 
1,2,3,4,5,6, 10) 
1,2,3,4,5,6,9) 
{6,7,8,9: 
(6,7,8, 10) 
{6,7,&l 1) 
{6,7,9,10) 
(6,7,9, 11) 
~6,7,10,11,15} 
{6,8,9, 10.11) 
{6,8,9, 10.13) 
(6,8,9,11,13) 
j6,8,10,11,13,15) 
{6,9,10,11,13, 14) 
{7,8,9,10,11,12} 
{7,8,9, lO,ll, 13) 
{7,8,9, 10,12,13} 
{7,8,9,11,12,13) 
(7,8, 10, 11,12,13} 
8 
7 
6 
6 
5 
4 
7 
5 
4 
3 
2 
6 
5 
4 
3 
2 
(17) jl,2,3,4,5,6,8) (7,9,10,11,12,13,15) p (06, 1) 1 
(18) {1,2,3,4,5,6,7] {8,9,10,11,12,13,14,15) p (@,O) 0 
and 
f-‘((Lb)) = {Q,Q'}. 
Then we have 
div(x - Ui) = - 6P, + 6Pi for i = 1,2,3, 
div(x - b) = - 6P, + 3Q + 3Q’, 
div(y) = - 7P, + PI + P2 + P3 + 2Q + 2Q’. 
Hence we get 
div (X-b)~i3,1(X-ui) ( Y = - 17Pm + 5 i Pi + Q + Q’, i=l 
div (x - b)2 ni”=l (x - ai) 
( Y2 > 
= _ 16p 
cc + 4 5 pi + 2Q + 2Q’, 
i=l 
= _ 9p 
m 
+ 3 i p. 
L3 
i=l 
div  (X - b13 n,?= 1 tx- ui) 
Y4 
=-8P,+2 i Pi+Q+Q’> 
i=l 
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which imply that H(P,)g 6,7,8,9,16,17, i.e., H(P,) 2 (6,7,&S). Since the genus of 
C is equal to 7 by the RiemannHurwitz relation, we obtain H(P,) = (6,7,8,9). 0 
We show that (6,8,9,10,11) is Weierstrass as follows. 
Lemma 4.6. (6,8,9,10,11) is the semigroup of non-gaps of a total ramijication point of 
a cyclic covering of an elliptic curve of degree 7. 
Proof. Let E be an elliptic curve over C with the origin Q’. Let Pi be a point of E such 
that Pi # Q’ and 2P; = Q’, i.e., 2P; - 2Q’. Moreover, Pi denotes a point of E such 
that P; # Q’ and 3P; = Q’, i.e., 3P; - 3Q’. Then Pi # Pi. Take z E K(E) such that 
div(z) = 4P; + 3P; - 7Q’, where K(E) denotes the function field of E. Let 7t : C + E 
be the surjective morphism corresponding to the inclusion K(E) c K(E)(z ‘I’) = K(C). 
Let y E K(C) and (r E Aut(K(C)/K(E)) such that o(y) = c7y and div,(y’) 
= 4P; + 3P; - 7Q’, where I!,‘~ is a primitive 7th root of unity. Then there are only two 
ramification points PI and P2 over Pi and Pi, respectively, and the ramification 
indices are 7. Hence by the Riemann-Hurwitz relation the genus of C is 7. We have 
div(y) = 4Pr + 3P, - n*(Q’), 
div(dy) = 3P1 + 2P, - 27r*(Q’) + i n*(Rf), 
i=l 
where Ri’s are points of E which are distinct from Pi, Pi and Q’. For any f E K(E), we 
set divE( f) = CP,EE n(P’)P’. Then for any r E N we obtain 
div(fdy/y’-*) = {7n(P;) + 3 + 4(r - l)}P, + {7n(P;) + 2 + 3(r - l)}P, 
+ {n(Q’) -r - l}n*(Q’) + 1 (n(Ri) + l)n*(~;) 
i=l 
+ C n(P’)rt*(P’), 
P’ES 
where S is the set of points P’ E E except Pi, Pi, Q’ and Rf’s. We set 
0; = - P; - P; - Q’ + ; R;, D; = - 2Q’ + i R;, 
i=l i=l 
D; = - 3Q’ + P; + ; R;, D; = - 4Q’ + P; + P; + ; RI, 
i=l i=l 
0; = - 5Q’ + 2P; + P; + 2 R;, D; = - 6Q’ + 2P; + 2P; + 2 R;, 
i=l i=l 
D;, = - 7Q’ + 3P; + 2P; + c RI. 
i=l 
Then for each r = 0, 1, . . . ,6, f E L(D,!) implies that f dy/y ’ -* is a holomorphic differ- 
ential form on C, where 
L(D:) = {f E K(E) 1 divE( f) 2 - D:}. 
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Since we have 
dY _ doY _ di7Y _ dY 
+------ Y OY 17Y Y' 
the form dy/y is regarded as a differential form on E. Hence there existsfE K(E) such 
that fdy/y is holomorphic. Then we must have 
divE(f) = Pi + P; + Q’ - c RI, 
i=l 
i.e., I(Db) = 1, where for any divisor D we denote by 1(D) the dimension of the C-vector 
space L(D). Moreover, we have 1(D:) = 1 for all r = 1,2, . . . ,6, because of deg(D:) = 1 for 
all Y = 1 2 3 ,“.> 6. First we will show that I(D; - Pi) = 0. If 1(D; - Pi) > 0, then we have 
-2Q’ + 2 R; - P; - D; - P; - 0 - D;, = - P; - P; - Q’ + 2 R;, 
i=l i=l 
which implies that Pi - Q’. This is a contradiction. Now in view of 2P; - 2Q’, we have 
D; - P; - - 3Q’ + P; + i R; - P; - - P; - P; - Q’ + i R; = 06, 
i=l i=l 
which implies that I(Dz - Pi) = 1 and l(Dz - 2P;) = 0. If I(Dj - Pi) > 0, then we have 
-4Q’ + P; + 2 R; - Dj - P; - 0; = - P; - P; - Q’ + ; R;, 
i=l i=l 
which implies that Pi - Q’. This is a contradiction. Hence we obtain l(D; - Pi) = 0. 
If I(Di - Pi) > 0, then we have 4Q’ - 3P; + Pi, which implies that 4P; - 3P; + Pi, 
i.e., Pi - Pi. This is a contradiction. Hence we obtain 1(D& - Pi) = 0. If 
1(D; - Pi) > 0, then we have 5Q’ - 3P; + 2P;, which implies that 
2P; + 3P; - SQ’ - 3P; + 2P;. 
Hence we obtain Pi - Pi. This is a contradiction. Hence we obtain I(D; - Pi) = 0. If 
/(DA - Pi) > 0, then we have 6Q’ - 4P; + 2P;, which implies that Q’ - Pi. This is 
a contradiction. Hence we obtain l(Db - Pi) = 0. For each r = 0, 1, . ,6 we take 
a non-zero elementf, E L(Di) and we set & =f, dy/y ’ -I. Then by the above we see the 
following: 
ordp,(&,) = 7 - 1 = 6 = 7 - 1, ordp,(41) = 0 + 2 = 2 = 3 - 1, 
ordp,(42) = 7 + 5 = 12 = 13 - 1, ordp,(43) = - 7 + 8 = 1 = 2 - 1, 
ordp,(@4) = - 7 + 11 = 4 = 5 - 1, ordp,($5) = - 14 + 14 = 0 = 1 - 1, 
ordp,(4b) = - 14 + 17 = 3 = 4 - 1. 
Therefore N\H(P,) contains 7,3,13,2,5, 1 and 4. Since the genus of the curve C is 7, 
the semigroup H(P,) is generated by 6, 8, 9, 10 and 11. 0 
By Lemmas 4.5 and 4.6 we get the following theorem. 
Theorem 4.7. Any numerical semigroup of genus 7 is Weierstrass. 
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Table 3 
N\H M(H) NH) w(H) 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
{ 1,2,3,4,5,9, to,1 1) 
{1,2,3,4,5,8,10,11} 
{1,2,3,4,5,8,9,15) 
{ 1>2,3,4,5,8,9,11) 
{ 1,2,3,4,5,8,9,10} 
{1,2,3,4,5,7,11,13} 
{1,2,3,4,5,7,10,13) 
{1,2,3,4,5,7,10,11) 
{1,2,3,4,5,7,9,15) 
{L2,3,4,5,7,9,13} 
{1,2,3,4,5,7,9,11) 
{1,2,3,4,5,7,9,10} 
{1,2,3,4,5,7,8,14} 
{1,2,3,4,5,7,8,13) 
{1,2,3,4,5,7,8,11) 
{L2,3,4,5,7,8,10) 
{1,2,3,4,5,7.8,9} 
{1,2,3,4,5,6,12,13) 
{1,2,3,4,5,6,11,13) 
{1,2,3,4,5,6,11,12j 
{1,2,3,4,5,6,10,13) 
{1,2,3,4,5,6,10,12] 
j1,2,3,4,5,6,10,11) 
/1,2,3,4,5,6,9,13) 
{1,2,3,4,5,6,9,12} 
{ 1,2,3,4,5,6,9,11) 
{1,2,3,4,5,6,9,10] 
{1,2,3,4,5,6,8,15) 
{1,2,3,4,5,6,8,13) 
{1,2,3,4,5,6,8,12} 
{1,2,3,4,5,6,8,11) 
(L2,3,4,5,6,8,10} 
{1,2,3,4,5,6,8,9) 
{1,2,3,4,5,6,7,15) 
(1,2,3,4,5,6,7,14} 
{1,2,3,4,5,6,7,13j 
(1,2,3,4,5,6,7,12) 
{1,2,3,4,5,6,7,11) 
{1,2,3,4,5,6,7,10} 
j1,2,3,4,5,6,7,9} 
{1,2,3,4,5,6,7,8} 
{6,7,8,17} 
{6,7,9,17} 
{6,7, 10, 11) 
{6,7, 10, 15) 
(6,7,11,15,16} 
(6,8,9,10} 
{6,& 9311) 
{6,8,% 13) 
{6,8,10,11,13) 
{6,8,10,11,15} 
{6,X,10,13,15,17) 
{6,8,11,13,15) 
(6,9,10,11,13} 
{6,9,10,11, 14) 
{6,9,10,13,14,17) 
{6,9,11,13, 14,161 
j6,10, 11, 13,14,15) 
{7,8,9,10,11) 
(7,8,9,10,12j 
{7,8,9,10,13) 
{7,8,9,11,12) 
{7,8,9,11,13) 
{7,8,9,12,13} 
{7,8,10,11,12} 
{7,8,10,11,13) 
{7,8,10,12,13} 
{7,8,11,12,13,17) 
{7,9,10,11,12,13} 
{7,9,10,11,12,15} 
{7,9,10,11,13,15} 
{7,9,10,12,13,15} 
(7,9,11,12,13,15,17} 
{7,10,11,12,13,15, 16) 
{8,9,10,11,12,13,14) 
{8,9,10,11,12,13,15} 
{8,9,10,11,12,14,15) 
j&9,10,11,13,14,15} 
{8,9, 10, 12,13, 14, 15) 
{8,9,11,12,13,14,15} 
P (05,33) 
I’ (05,2,3,3) 
N (05,2,2,7) 
I’ (05,2,2,3) 
P (05,23) 
N (05, 1,4,5) 
N (05,1,3,5) 
p (05, 1,3,3) 
N (05, 132.7) 
N CO’, L2,5) 
P CO’, 1,233) 
fJ (OS, 1,2,2) 
h’ (05, 1,1,6) 
N (05, 1,1,5) 
p (05,1,1,3) 
p (OS, I, 1.2) 
P (05,13) 
p (06,5,5) 
p V,4,5) 
p (06,4,4) 
fJ (06,3,5) 
P (06,3,4) 
p V,3,3) 
p W,2,5) 
P (06,2,4) 
p (06,2,3) 
p (06,2,2) 
N (06, 137) 
p (Oh, 1,5) 
p v, 1,4) 
p (06,1,3) 
P (06, 1,2) 
p (Oh, 1,1) 
p (0’.7) 
I’ to’,61 
p (0’,5) 
p (0’,4) 
p CO’,31 
p (0’,2) 
p CO’, 1) 
fJ (O’,O) 
{8,10,11,12,13,14,15,17} 
19, lO,ll, 12,13, 14,15,16,17} 
9 
8 
11 
7 
6 
10 
9 
7 
10 
8 
6 
5 
8 
7 
5 
4 
3 
10 
9 
8 
8 
7 
6 
7 
6 
5 
4 
8 
6 
5 
4 
3 
2 
7 
6 
5 
4 
3 
2 
I 
0 
5. On primitive numerical semigroups of genus 8 
In this section we shall show that all primitive numerical semigroups of genus 8 are 
Weierstrass. First we give the list of numerical semigroups (see Table 3) of genus 8 
whose first non-gaps are larger than 5, where P (resp. N) means that H is primitive 
(resp. non-primitive). 
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By Remark 3.3 all primitive numerical semigroups H of genus 8 and weight I 7 are 
Weierstrass. Moreover, by Proposition 4.4 (7,8,9,10,13) and (7,8,9,11,12) are 
Weierstrass. Hence it suffices to show that four numerical semigroups (6,7,8,17), 
(6,7,9,17), (7,8,9,10,11) and <7,8,9,10,12) are Weierstrass. Corollary 4.9 in [S] 
plays a crucial role in proving that the above four numerical semigroups are Weier- 
strass. 
Proposition 5.1. H = (6,7,8, 17) is Weierstrass. 
Proof. We have M(H) = {ao,ul,a2,u3} where a0 = 6, al = 7, a2 = 8 and a3 = 17. 
Then we obtain relations 
4a0 = al + u3, 2ar = a0 + a2, 3a2 = a, + a3 and 2a3 = 3~ + 2a2, 
which imply that co = 4, cr = 2, c2 = 3 and c3 = 2. Hence by Lemma 4.12 in [S], the 
ideal IH is generated by 
x,* - X1X3, x: - x0x2, x; - x1x3, x; - x,“xf, 
X:X1 - X2X3 and X0X, - XIX;. 
Let S be the subsemigroup of Z5 generated by bl, b2, , b,, where 
bi=eifori=1,2,...,5, b6=e,+e2-e3, b7=-e,+e3+e,, 
b8=-e,+e3+e,. 
Then S is saturated. In fact, let 
p =(pr, *.. ,P~)E : R+binZ5. 
i=l 
Then it suffices to show that p E S. We may assume that p = CF=, mibi with 
0 i mi < 1, all i. Then we obtain 
p1=ml+m6-mm,-m82-1, 
p3 = m3 - m6 + m7 + m8 2 0, 
p5 = m5 + m, 2 0, 
p2 = m2 + m6 2 0, 
p4 = m4 + m7 2 0, 
because of pi Z5. It suffices to show that p E S if p1 = -1. Let p1 = -1, i.e., 
ml + m6 + 1 = m7 + m8, which implies that m7 > 0 and m8 > 0. Hence we obtain 
p3 2 1 and p4 = p5 = 1. Therefore, 
p = p2b2 + (~3 - l)b3 + b5 + b, E S. 
We set 
.41 = Xcl, 92 =x,“, 93 =x1, 94=x1, g5 = xf> 96 = x3, 97 = x2, g8 =x,. 
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Let 
n:C[Y] = C[Y,, . ..) Ys]-+C[S] =CITSIjssS (resp. q:C[Y]-C[X]) 
be the C-algebra homomorphism defined by n(Y) = Thl (resp. q(Y) = gi). Now the 
C-algebra homomorphism 
[:C[N’] = C[tl, ,tJ -C[H] 
defined by c(ti) = tw(gg) extends to [’ : C[S] + C[Zf], because we have 
w(g,g,& ‘) = a0 + 3% - a1 = a3 = w(ge), 
w(g;lg3g4)= -a, +a,+a1=a2 = w(g,), 
w(gF'g,g,)= -a0 +a1 + 2u2 = -a, + a, -a2 + a, + u3 
= - a0 -a2 + a, + u2 + u3 = u3 = w(g,). 
Then we have qH 0 q = c’ 0 rr, which implies that q(Ker n) G Ker qH = IH. To prove 
that the ideal ZH is generated by the elements of the set q(Ker z) it suffices to show that 
the generators for ZH, which are given in the first part of this proof, are contained in 
the ideal (q(Ker rc)) generated by the elements of q(Ker 7~). Now Ker n contains 
Y, Y2 - y,y,, y,y, - Yl Y,, y,y, - y,y,, 
Y.5Y8 - y2y5, Y2Y4- Y,Y, and Y,Y, - Y,Y,, 
which implies that v](Ker n) contains the generators for IH. Hence the ideal IH is 
generated by the elements of the set q(Ker 7~). Therefore by Corollary 4.9 in [S] 
H = (6,7,8, 17) is Weierstrass. 0 
Proposition 5.2. H = (6,7,9, 17) is Weierstruss. 
Proof. We have M(H) = {uo,u1,u2,u3} where u. = 6, a, = 7, u2 = 9 and u3 = 17. 
Then we obtain relations 
3a. = 2u2, 3Ul = 2uo + u2 and 2u3 = 3uo + a, + u2, 
which imply that co = cl = 3 and c2 = c3 = 2. Moreover, we have another relations 
a, + u3 = 2Ul + a2, a0 + 2a2 = al + u3 and 2uo + 2ul = a, + u3. 
Hence the ideal IH contains the ideal J generated by 
X0X3 - X:X2, X0X; - X1X3, X,’ -X,“, Xi - X03X1X2, 
X,‘X: - X,X, and X: - X:X2. 
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We will show that IH c J. By [3] we may take as generators for the ideal IH one of the 
following types: 
(1) F = Xi’: - Xf’,XpX:(I, where i, j, k and 1 are distinct, and Vi > 0, clj > 0, pk 2 0, 
,ui 2 0. 
(2) F = X:X)‘, - X,“xX:‘l, where i, j, k and 1 are distinct, and Vi > 0, Vj > 0, pk > 0, 
Pl > 0. 
First we consider the case (1). If \?i > ci, then we may decrease the weighted degree of 
F or reduce this case to the case (2), because 
X2 - X;‘,X;’ - X;Xz, Xi’ - X,3X,X2 E J. 
In fact, in the cases except & = pf = 0, we may decrease the weighted degree of F or 
reduce those to the case (2). Hence we only consider the case where ,u~ = pl = 0, i.e., 
F = Xl; - XF with Vi > Ci and ~j 2 cj. 
In this case we may also decrease the weighted degree of F. For example, let i = 0 and 
j = 1. Then we have 
Hence we obtain vi = ci. In this case we have F E J. 
Next we consider the case (2). Then we may assume that F is one of the following: 
(a) X:X;’ _ X!‘Xi’, (b) Xt;“Xiz - Xf’Xi3, (c) XzXiJ _ X~‘X~‘. 
In the case (a) we may assume that v. < co = 3, v1 < cl = 3, p2 < c2 = 2 and 
pL3 < cg = 2, otherwise we may decrease the weighted degree of F. Hence we get 
26 = a2 + a3 = v,a, + viai = 6v, + 7v,, 
which implies that v0 = 2 and v1 = 2. Hence we have F = X,‘Xf - X2X3 E J. In the 
case (b), similarly we may assume that p1 < 3 and p3 < 2. Hence we have 
~,a,, + vzu2 = 24 or 31, 
which implies that v0 = 1 and v2 = 2. Hence we have F = X0X22 - X1X3 E J. In the 
case (c) we may also assume that v0 < 3, v3 < 2, pl < 3 and ,u~ < 2. Hence we get 
6v0 + 17 = 7~~ + 9, which implies that v0 = 1 and ,LL~ = 2. Hence we have F = 
X,X, - X:X, E J. Therefore we get ZH = J. 
Let S be the subsemigroup of Z6 generated by hl, b2, . , bg, where 
bi = e, for i = 1,2, ,6, 6, = (l,l, -1, -l,O,O), 
b*=(O,l,-l,l,-1,O) and bg=(-1,1,0,1,-1,-l). 
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Let p = EYE 1 mibi E Z6 with 0 I mi < 1, all i. Then we obtain 
p1 = ml + ml - m9 2 0, p2 = m2 + m7 + ma + m9 2 0, 
p3=m3-m,-m82-1, p4 = m4 - m7 + m8 + m9 2 0, 
ps = m5 - m, - m9 2 - 1 and p6 = m6 - m9 = 0. 
To prove that S is saturated it suffices to show that p E S if (p3,ps) = (-1, - 1) or 
(-l,O) or (0,-l). Let (p3,p5)=(-1,--l), i.e., m3 + 1 =m, +m, and m5 + 1 = 
m8 + m9. Hence we obtain 
p2 = m2 + m3 + 1 + m9 2 2 and p4 = m4 - m, + m5 + 1 2 1. 
Therefore we may assume that 
p=(0,2,-l,l,-l,O)=bZ+bs~S. 
Let (p3,p5) = (-l,O), i.e., m3 + 1 = m7 + m, and m5 = me + m9. Then 
p221 and p1+p4=ml+m4+m,21. 
Hence we may assume that 
p =(l,l, -l,O,O,O) = b4 + b,ES or p=(O,l,-l,1,0,0)=b5+b8~S. 
Let (p3,p5) = (0, - 1) i.e., m3 = m7 + m, and m5 + 1 = m8 + m9. Then we have 
p2 = m2 + m7 + m5 + 1 2 1 and p4 = m4 - m7 + m5 + 1 2 1. 
Therefore we may assume that 
p=(O,l,O,l,-l,0)=b3+bs~S. 
Now we have the following relations: 
431% + d31a3 = d21az + @II + dl2h, 
&2% + @21 + d22b2 = d,,Ql + d31a3, 
Cd21 + d22)az =(&I + 63 +&4b%, 
2d3la3 =(A,2 +&3 +do,bo +dlzal +dzlaz, 
(do3 +do,bo +(dll +hzh =d,zaz + d3la3, 
G’d,, + dl,b, = (dol + d,,h, + dz2az, 
where all dij’s are equal to 1. We set 
gr =x$1, g2 =x$1, g3 =x$1, g4 = Xl’ll, g5 =x$2, 
g6 =X,do3, g7 = Xfl’, g8 = Xf” and g9 =Xgd”‘. 
Let 
n:cCYl =CCY,, . . ..Y9]+C[S] =CITSlsoS (resp.q:C[Y]+C[X]) 
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be the C-algebra homomorphism defined by z( Yi) = T ‘8 (resp. y~( Y;) = gi). Now the 
C-algebra homomorphism 
<:C[N6] = C[ti, . . ,t6] -+C[H] 
defined by [(ti) = t”(“t) extends to [’ : C[S] + C[H], because we have 
w(g1gzg;‘g41) = do1% + djlaj - &1az - dllU1 = d1za, = W(Y,), 
w(g,g,‘g,g;‘) = dsia~ - dziaz + diiai - dozao = dzzaz = w(gs), 
w(g,‘gzg,g;‘g,‘) = - dolao + d,,a, + diiai - dozao - dosao 
= (dzi + d&z - dolao - &ao = doaao = w(g,). 
Hence we have (P~oY]=~‘oz, which implies that q(Ker n) G Ker qH = IH. Now 
Ker n contains 
YiY, - Y,Y,Y,, Y,Y,Ys - Y,Y,, Y,Y, - Y,Y,Y,, Yz’- Y,Y,Y,Y,Y,, 
Y,Y,Y,Y, - YsY, and Y%Y, - YiY,Ys, 
which implies that q(Ker z) contains the generators for IH = J. Hence the ideal IH is 
generated by the elements of the set n(Ker 7~). Therefore H = (6,7,9,17) is Weier- 
strass. 0 
Proposition 5.3. H = (7,8,9, 10, 11) is Weierstruss. 
Proof. We have M(H) = {uo, a,, u2, us, u4} where a0 = 7, a, = 8, uz = 9, a3 = 10 and 
uq = 11. Then we have 
al = a0 + 1, u2 = ui + 1, ~~=a,+1 and ~=u,+l. 
Hence the ideal IH contains 
X,X2 -x:, X,X, - XiXZ, X0X, -X1X3, X,X3 -Xl, 
X,X, - X2X3, X2X4 - Xs, X,X, - X,” and X,’ - X:X1. 
Let J be the ideal generated by the above elements. We will show that ZH is contained 
in J. By [3] we may take as generators for the ideal ZH the following type: 
F = n Xy’ - n Xy, vipi = 0 for all i. 
I I 
We set L = ni X,!’ and R = ni X”‘. Then we may assume that F is one of the 
following types: 
(1) L = XoLo and R = XiXjR,, 1 I i <j, where R. does not contain X0. 
(2) Neither L nor R contains X0, i.e., L = X[X,L,, 1 5 1 I m and R = XiXjR,, 
1 I i I j, where neither Lo nor R. contains X0. 
We consider the case (1). If (i, j) = (1, l), (1,2), (1,3), (2,2), (3,4) or (4,4), then we have 
X,X, - X,XI E J. Hence we may decrease the weighted degree of F. Since J contains 
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X1X4 - X2X3 and X2X4 - X3, wemay assume that (i,j) = (1,4) or (2,4). Then R. is 
a non-constant monomial, because of 19 - 7 = 12$ H and 20 - 7 = 13 $ H. Hence we 
set R,, = XIR1, 12 1. Then we have 
XiXjR, = XiXjX,R, E XoR2 mod J, 
which implies that we may decrease the weighted degree of F. Therefore in the case (1) 
we have F E J. 
Next we consider the case (2). If (i,j) (resp. (1, m)) = (1, l), (1,2), (1,3), (2,2), (3,4) or 
(4,4), then this case is reduced to the case (1). Hence we may assume that (i, j) (resp. 
(1, m)) is one of the following: (1,4), (2,3), (2,4), (3,3). In the above cases we may 
decrease the weighted degree of F. Therefore in the case (2) we have F E J. Hence the 
ideal I, is generated by 
x,” - x3x4, x: - x0x2, xf - x,x3, xi - x2x4, xf - x:x1, 
X0X3 - X,X2, X0X4 - X1X3 and X,X4 -X,X3. 
Let S be the subsemigroup of Z6 generated by bl, bZ, . . , blo, where 
bi = ei for i = 1,2, . . . ,6, b, = el + e2 - e,, 
b8 = -e, + e4 + e5, bg = -e, + e5 + e6 and b10 = -e, + e3 + e5. 
Let p = ~~~, mibi E Z6 with 0 5 mi < 1, all i. Then we obtain 
p1 = ml + m, - m8 - m, - m,, 2 -2, p2 = m2 + ml 2 0, 
p3 = m3 - ml + ml0 2 0, p4 = m4 + m8 2 0, 
ps =m5 + m8 -k mg + ml0 2 0 and p6 = m6 + Wig 2 0. 
To prove that S is saturated it suffices to show that if p1 = - 2 or - 1, then p E S. Let 
p1 = -2, i.e., ml + m7 + 2 = m8 + m9 + m,,. Then we have 
p3 = ml + m3 - m8 - mg + 2 2 1, p4 2 1 
p5 = m5 + ml + m7 + 2 2 2 and p6 2 1. 
Hence we may assume that 
p=(-2,0,1,1,2,1)=b4+b9+blo~S. 
Letpl=-l,i.e.,ml+m7+1=m~+m~+m~o.Thenwehavep,=m,+ml+ 
m7 + 1 2 1. Moreover, we have 
p4+p6=m4+m6+ml +m7+1-mlok1, 
which implies that p4 2 1 or p6 2 1. If p4 2 1, we may assume that 
p =(-l,O,O,l,l,O) = b8 ES. 
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If p6 2 1, we may assume that 
p=(-1,0,0,0,1,1)=bgES. 
Now we have the following relations: 
(c10 + c&I)43 = Co3U3 + Co4U4, 
(Cl2 + C32b2 = C2lal + C23a3, 
(Co4 + C34b4 = C4oUo + C4lUl) 
ClOUO + C34U4 = C4lUl + Co3U3, 
where we set 
CC21 + C4lh = ClOUO + C12U2, 
cc03 + c23)u3 = C32a2 + C34a4, 
ClOaO + C23a3 = C4lal + C32a2, 
C2lUl + C34U4 = C12% + Co3U3, 
C lo=l, ~~~=2, c 03 =C21 =C41 =C32 =CO4 = Cl2 = C23 = C34 = 1. 
Hence we set 
g1 = X;‘o, g2 zz X2, g3 z.z Xy”‘, g4 E.z X:21, g5 = Xl’“, 
g6 = Xi=) g7 = X24) g* = Xi”, g9 = XS2J) glo = X2‘+. 
Let 
n:C[Y] =CIYl, . . ..Ylo]-+CIS] =CITSlssS (resp. u]:C[Y]+C[X]) 
be the C-algebra homomorphism defined by rc( yi) = T hl (resp. y~( Yi) = gi). Now the 
C-algebra homomorphism 
i:C[N”] =C[tl, . . ..r6]+C[H] 
defined by [(ti) = t”(Y’) extends to i’ : C [S] -+ C[H], because we have 
w(glY2g; ‘1 = ClOQO + C4oQo - Co3U3 = Co4U4 = w(g.i), 
wkIY’g,g,) = - ClOUO + C2lUl + C4lUl = C12% = W(h), 
w(g; ‘gSg6) = - CIOuO + c41al + C32a2 = C23a3 = w(g,), 
a; 1Y3g5) = - ClOUO + Co3U3 + C4lUl = C34U4 = WkJlO). 
Hence we have qH 0 y = [’ 0 rr, which implies that u(Ker rc) s Ker qH = IH. Now 
Ker n contains 
yly2-y3y,9 y4y,-yl~,, ~,~6-~4~,, y3y9-y6y10, y,y10-y2yS, 
yl y, - y,y,, Yl Ylo - Y5Y3 and Y4Ylo - Y,Y,, 
which implies that q(Ker rr) contains the generators for ZH. Hence the ideal IH is 
generated by the elements of the set q(Ker rc). Therefore H = (7,8,9,10,11) is Weier- 
strass. 0 
Proposition 5.4. H = (7,8,9,10,12) is Weierstruss. 
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Proof. We have M(H) = (a,,, al, a2, a3, ad} where a0 = 7, a, = 8, a2 = 9, u3 = 10 and 
u4 = 12. Then the ideal ZH contains the ideal J generated by 
x,” -x,x,, x: - x,x,, x; - x1x3, x3 -XIX& 
x,’ -x:x3, x02x1 -x3x4, X,X3 - XiXz and X0X4 - X2X3. 
We will show that IH is contained in J. We may take as generators for the ideal IH the 
following type: 
F = fl X,?’ - fl X:‘, Vi~i = 0 for all i. 
I L 
We set L = ni Xl!’ and R = ni Xpi. Then we may assume that F is one of the 
following types: 
(1) L = XoLo and R = XiXjRo, 1 I i I j, where R, does not contain X0. 
(2) Neither L nor R contains X0, i.e., L = X,X,Lo, 1 I 1 I m and R = X,X,R,, 
1 I i 5 j, where neither Lo nor R. contains X,. 
We consider the case (1). If (i, j) = (1, l), (1,2), (2,3), (2,4), (3,4) or (4,4), then we have 
XiXj - X,X, E J. Hence we may decrease the weighted degree of F. Since J contains 
Xf - X1X3 and Xi - X1 X4, we may assume that (i, j) = (1,3) or (1,4). Then R. is 
a non-constant monomial, because of 18 - 7 = 114 H and 20 - 7 = 13 +! H. Hence we 
set R. = XIR1, 12 1. Then we have 
XiXjR, = XiXjX,R, E X,R,modJ, 
which implies that we may decrease the weighted degree of F. Therefore in case (1) we 
have F E J. 
Next we consider the case (2). If (i, j) (resp. (1, m)) = (1, l), (1,2), (2,3), (2,4), (3,4) or 
(4,4), then this case is reduced to the case (1). Hence we may assume that (i, j) (resp. 
(I, m)) is one of the following: (1,3), (1,4), (2,2), (3,3). In the above cases we may 
decrease the weighted degree of F. Therefore in the case (2) we have F E J. Hence we 
get IH = J. 
Let S be the subsemigroup of Z6 generated by bi, b2, , blo, where 
bi = ei for i = 1,2, . . . ,6, b7 = el + e2 - e3, 
b8 = - el + e4 + e5, bg = - el + e3 +e5 and blo = - el + e3 + e6. 
Let p = Et:, mibi E Z6 with 0 I mi < 1, all i. Then we obtain 
pl = ml + m7 - m, - m, - ml0 2 -2, p2 = m2 + m7 2 0, 
p3=m3-m7+m9+mlo_ , > 0 p4 = m4 + m, 2 0, 
ps = m5 + ma + m9 2 0 and p6 = m6 + ml0 2 0. 
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To prove that S is saturated it suffices to show that if p1 = - 2 or - 1, then p E S. Let 
PI = -2, i.e., ml -t m7 + 2 = m8 + m, + mlo. Hence we have 
p3 = ml + m3 - m8+2>2, p421, 
p5 = m5 + ml + m7 - ml0 + 2 2 2 and p6 2 1. 
Hence we may assume that 
P=(-2,0,2,1,2,1)=b,+bg+bg+bloES. 
Let PI = -1, i.e., ml + m7 + 1 = m8 + m9 + m,,. Hence we have 
p3 = ml + m3 - m8 -t 1 2 1 and p5 = m5 + ml + m7 - ml0 + 1 2 1. 
We may assume that 
p =(-l,O,l,O,l,O) = b9ES. 
Now we have the following relations: 
(c10 + c4o)GJ = co2a2 + co4a4, 
(co2 + c12b2 = C2lUl + c23a3, 
(co4 + c34b4 = c4oao + c43a3, 
ClOaO + c23a3 = c3lal + cO2a2, 
where we set 
cc21 + C3lbl = ClOUO + c12a2, 
tc23 + c43b3 = C3lal + c34a4, 
c40u0 + c31ul = c23a3 + cO4a4, 
ClOUO + c34a4 = c02a2 + c43a3, 
Cl0 = 1, c40 = 2, c 02 = Cal =C31 =C43 = Co4 =C12 = C23 =C34 = 1. 
Hence we set 
g1 = &IO, g2 = XF, g3 = X92, g4 = X:‘21, g5 = X:‘31) 
96 = xs”, g7 = X24) gs = x;=, g9 = x:23, g19 = x24. 
Let 
71:CCYI =CIYl, . . ..Yr.]-C[S] =CITSlstS (resp. n: C[Y]-+C[X]) 
be the C-algebra homomorphism defined by rc(Y) = The (resp. v](Yi) = gi). Now the 
C-algebra homomorphism 
[:C[N”] = C[tl, . . . ,t,j] -C[H] 
defined by [(ti) = tW(gl) extends to c’ : C[S] + C[H], because we have 
w(g1g2g;‘) = ClOUO + c4oao - c02a2 = co4a4 = w(g7), 
w(g;‘g4g5) = - CIOuO + C21al + c3lal = c12a2 = w(g,), 
w(g,‘g3g5) = - CIOaO + c02a2 + C3lal = c23a3 = w(h), 
w(g,‘g3g6) = - clOa0 + cO2a2 + c43a3 = c34a4 = w(glO). 
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Hence we have cpHoq = [‘on, which implies that q(Ker n) E Ker qH = IH. Now 
Ker rc contains 
Y,Y,- Y,Y,, Y,Y,- YIY,, Y,Y,- Y,Y,, Y,Y,- Y5YI0, 
Y7YIO - Y,Y,, Y,Y5 - Y,Y,, YIY,-Y,Y, and Y,Y,,-Y,Y,, 
which implies that v](Ker 7~) contains the generators for ZH = J. Hence the ideal ZH is 
generated by the elements of the set q(Ker n). Therefore H = (7,8,9,10,12) is Weier- 
strass. 0 
By Propositions 5.1-5.4 we get the following theorem. 
Theorem 5.5. Any primitive numerical semigroup of genus 8 is Weierstrass. 
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